To what extent is the structure of a Lie-algebra L over a field F determined by the bilinear form 
ON TRACE BILINEAR FORMS ON LIE-ALGEBRAS
by
f(Xa,b) =f(a,Xb)=Xf(a,b) J (4) f(a,b) = f(b,a) (symmetry) (5) f(ab,c) =f(a,bc) (invariance under L) ...(6) (Xe F ; a, a v b, b v c e L).
It is clear from the definition that the trace bilinear form (1) depends only on the class of equivalent representations to which A belongs.
For any subset K of L, the set K L of all elements x of L satisfying f(K, x) = 0 f is a linear subspace of L, because of the bilinearity of /. This linear subspace is called the orthogonal subspace of K. It coincides with the orthogonal subspace of the linear subspace {FK} generated by K. If K x C K 2 then K{ 2 K\. By the symmetry of/ we have K C (K 1 )*-. If K is an ideal of L, then it follows from the invariance of/ that the orthogonal subspace K 1 is also an ideal. The ideal L x = U-(A) is called the radical of the representation A. For any ideal A of L contained in i 1 , a symmetric invariant bilinear form f A is induced on the factor algebra LjA by setting f*(alA,blA) =f(a,b) (a,beL) (7) We observe that the kernel of J, i.e. the ideal L a ofL formed by the elements x that are mapped onto 0 by A, lies in the radical of A. By the first isomorphism theorem, L/L^ is isomorphic to a Lie-subalgebra of the Lie-algebra formed by the matrices of degree d(A) over F. Hence L/LA and a fortiori L/L l are finite-dimensional Lie-algebras. It will be the aim of the investigation to determine the structure of the factor algebra L/L 1 in terms of simple algebras. THEOBEM If the characteristic of F is 0, then by the trace argument we have a(a+6) = a(a)+«(6) 
/ / the characteristic of F is distinct from 2 and 3, then, for any solvable ideal A of L, the ideal LA is contained in the radical of any matrix representation A.
so that a is a linear form on A.
As a next step we want to show that, for any element x of L,
It suffices to show (11) under the additional assumption that (x,x) a * 0 (12) Indeed, we know that there are elements y, z of L for which (y, z)a ¥> 0, and from the identity 
Indeed (15) is (16) for i = 0. Let (16) be proved for some subscript i; then it follows from (14) that
Since m is finite-dimensional, it follows that there is a first element among the elements Since A is a solvable ideal of L, it follows that AA is a solvable ideal of AL and hence it follows, as was shown at the close of (1), that AL o AA C (AL) 1 . The following theorem states that, as far as the structure of LJU-and the non-degenerate symmetric invariant bilinear form induced on L/L 1 is concerned, it suffices to assume that A is fully reducible and faithful, that L 1 lies in the centre of L and that every solvable ideal of L lies in the centre. THEOREM 
/ / the characteristic of the field of reference is distinct from 2 and 3, then for any Lie-algebra L with a matrix representation A there is a subalgebra U with a fully reducible representation W and kernel U v such that
U+L 1 = L (21) (a, b) v = (a, b) a for a,beU,(22)UU 1^) QU V Q U L (W),(23)
UA C JJ V for any ideal A of U for which WA is solvable
For the proof of Theorem 2 we need the following LEMMA ( = 1, 2, ..., r) . Note that every ideal of L t is also an ideal of L and that the trace bilinear form of A induces on L t a non-degenerate symmetric invariant bilinear form.
For any ideal A of a finite-dimensional Lie-algebra L over the field of reference F, there is a subalgebra U of L such that U +A = L and Ur\A is nilpotent. If LjA is nilpotent, then U can be chosen as a nilpotent subalgebra (cf. [3, Theorem 4]).

Proof of Lemma
c) / / the ideal L t is abelian, then it is one-dimensional. (d) If the centre of L { vanishes, then L t -L a is simple non-abelian. (e) Only if the characteristic of F does not vanish can there be non-abelian components L ( with non-vanishing centre z {L t ). In this event the ideal L? is the sum of the minimal non-vanishing perfect ideals L iv ..., L im{ of L contained in L ( . The algebra L\ is directly indecomposable but there is the decomposition Ijlz{L t ) =tjL 1 (L ij +z(L i ))lz(L i ) of the factor algebra Lflz(L { ) into the direct sum of its minimal non-vanishing ideals, each of ivhich is simple non-abelian (/) Every minimal non-vanishing perfect ideal of L coincides ivith one of the ideals L (j . If and only if its centre vanishes, we have L
If L ( is abelian, then, since the characteristic of F is distinct from 2, it follows that there is an element x of L t for which (x, x)a ¥= 0, so that L ( is orthogonally decomposable into the direct sum of the ideal Fx and the orthogonal complement (Fx^r^Lf, and this implies that L f = Fx. Note that Lf = 0 implies that Lf is a perfect ideal.
Let Lf # 0. For the Lie-algebra M = L { with non-degenerate bilinear form / satisfying (2)-(5), we find that
If for an element x of the centre of £, we have (x, x) A =t 0, then there is the orthogonal decomposition of L t into the ideal Fx and its orthogonal complement. Since this is impossible and since the characteristic of the field of reference is distinct from 2, it follows that Thus A*r\B* is an abelian ideal of L it * and therefore of L t *. Hence A*rsB* = 0, L t * = A* +B*, so that, by assumption, A* = £#*, and therefore L {i * is simple non-abelian. If X* is any minimal non-vanishing ideal of L t * then, as shown above, X* 2 ^ 0 ; hence X*L ( * ¥= 0, X*L tj * * 0 for some index j , X*L ti * C X*r\L tj *, X*rsL {j * * 0, X*r^L it * = X* = L it *. It follows that the components L it * are simple non-abelian ideals characterized as the minimal non-vanishing ideals of X,*f.
_The ideal L tj * ofLf formed by the cosets in L (j * contains a minimal perfect ideal 
Let E be an algebraically closed extension of F, let L E , A E be the extensions of L, A respectively over E. 
